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摘要：在本教程综述中，我们重新阐述和表达了镧系离子间无辐射能量传递（ET）速率的理论形式，并且强调

了考虑镧系离子本身特异性所引发的与 Förster 和 Dexter 理论不同之处。所给出的表达式遵循了 Judd‐Ofelt
的 4f‐4f跃迁理论框架之下的 Kushida 方法，并计入了如下电多极机制：偶极‐偶极（W d‐d）、偶极‐四极（W d‐q）和四
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极-四极（W q‐q）。更为重要的是，当前的机制也扩展包括了交换（W ex）和磁偶极子‐磁偶极子（Wmd‐md）作用，并经

过改进进一步包含了屏蔽效应以及给出了 F 因子（费米黄金规则中的态密度）的解析表达式。与 Kushida 的

原始方法类似，我们只考虑了强制电偶极子（FED）对 Judd‐Ofelt 强度参数的贡献，并细节性地讨论了磁偶极‐
磁偶极相互作用的选择定则以及相关矩阵元的计算。此外，我们还以 Tb（Ⅲ）‐Eu（Ⅲ）和 Yb（Ⅲ）‐Er（Ⅲ）的能

量传递速率计算为例，逐步展示了计算过程、主要的计算支撑信息以及所使用的计算脚本。

关 键 词：无辐射能量传递；镧系；理论计算；Ln-Ln 能量传递速率；选择定则

1 Introduction
Energy transfer（ET） processes are ubiquitous

in nature and are essential to life[1-2]. Despite being
difficult to visualize, these ET processes are always
present in our everyday life and obey the laws of
thermodynamics（for macroscopic systems）. Many
modern technologies are based on ET processes, for
instance, those involving luminescence, where an ex‐
cited sensitizer transfers energy to an activator that
emits light（or electromagnetic radiation）. Most re‐
sults of these ET processes are visible and quantifi‐
able, but their detailed understanding and descrip‐
tion, at the microscopic level, requires quantum me‐
chanics. As a result, at least two concepts are impor‐
tant, namely,（quantum） states and transitions be‐
tween these states.

Photoluminescence involving lanthanide ions
has some unique and remarkable features, which
have been explored in many applications and new
technologies, from biomedicine to engineering, and
public health to public safety[3-7]. Energy transfer be‐
tween lanthanide ions is particularly relevant to sev‐
eral processes such as long-range energy migration
and energy upconversion. Resonances present in
systems containing lanthanide ions of the same type,
e. g. , Yb（Ⅲ）, allow the energy to be efficiently
transferred between these ions, which can migrate
for long distances depending on their concentration
and the host matrix[8-11]. On the other hand, a lantha‐
nide ion with relatively large oscillator strength, e.
g. , Yb（Ⅲ）and Nd（Ⅲ）, can be employed as a sen‐
sitizer of another lanthanide ion, e. g. , Er（Ⅲ）and
Tm（Ⅲ）, called an activator, which can be excited
by sequential energy transfer processes, followed by
emission of photons with higher energy than those

absorbed photons; hence energy upconversion[10,12-13].
In this context, energy transfer between lanthanide
ions（Ln-Ln ET）plays a fundamental and essential
role in several processes that are explored and ex‐
ploited in applications and new technologies[14-16].
Therefore, the focus of this contribution will be the
quantitative description of the Ln-Ln ET processes.

A common picture used for a general ET pro‐
cess employs two subsystems denoted as donor（D）
and acceptor（A）. Initially, the donor is prepared in
an excited state, D*, by absorbing energy（light, heat,
and mechanical）, which may be represented as | i =
| D* A . In other words, in the initial state, the energy
absorbed by the system is localized at the donor sub‐
unit. Then, the system undergoes a transition to an‐
other state with the energy localized at the acceptor
subsystem, represented as | f = | DA* . This gener‐
al description requires some clarification and specifi‐
cation of different categories of ET processes as well
as additional phenomena accompanying these pro‐
cesses. For instance, energy transfer can induce or
be caused by electron（or charge） transfer between
the subsystems. These coupled processes are impor‐
tant and relevant for many biological systems and ap‐
plications, but they will not be considered here. The
ET processes of interest are uncoupled energy trans‐
fer processes in the sense that are not caused nor
can induce electron transfer. This is an important
distinction that is not always clear in the literature
and has caused some confusion.

The transition mentioned above describes an
ET process, represented by | D* A → | DA* , can be
pictured as a deexcitation of the donor and an excita‐
tion of the acceptor, which may or may not involve
photon（s）. When the deexcitation of D* occurs by
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photon emission（with energy ћω=hν）, | D* →| D +
hν, and the emitted photon is absorbed by A, | A +
hν → | A* , then the ET from D* to A is known as ra‐
diative energy transfer. This is also an important cat‐
egory of ET processes; however, they are usually not
operative when the acceptor（or activator）is a lantha‐
nide ion. This is because the oscillator strengths asso‐
ciated with 4f-4f transitions are very small（~10−6）[17-19],
except for some transitions in Nd（Ⅲ）and Yb（Ⅲ）,
which preclude radiative absorption. Thus, for those
interested in lanthanide ions, the dominant ET pro‐
cesses are nonradiative（or radiationless）. Recently,
the intramolecular ET processes in lanthanide com‐
plexes, namely, ligand-Ln（Ⅲ） transfer rates, were
revised and reviewed[20]. Thus, the present review
will focus on radiationless or nonradiative ET pro‐
cesses between lanthanide ions, Ln-Ln.

The main goal is to present a review for non-

specialists, providing sufficient concepts to critically
ascertain the approximations involved in the equa‐
tions of the energy transfer rate mechanisms.
Enough details will be provided for a qualitative as‐
sessment of the main factors affecting the ET pro‐
cesses in Ln-Ln systems as well as to perform estima‐
tions and calculations of these ET rates. The origi‐
nal equations were reorganized to ease their applica‐
tions as well as their interpretations. In the Support‐
ing Information, a derivation of Fermi  s golden rule
is provided together with the physical constants and
unit conversions, details matrix elements calcula‐
tions, and dimensional analysis of the main quanti‐
ties.

In the following sections, some concepts and
equations involved in the quantum treatment of tran‐
sitions will be present culminating in Fermi s golden
rule for transition rates. This expression will then be
particularized for nonradiative transitions between
two lanthanide ions, namely, the Ln-Ln energy trans‐
fer rates. Detailed applications of these equations
will be presented as tutorial examples for ET pro‐
cesses involved in the Yb（Ⅲ）-Er（Ⅲ）and Tb（Ⅲ）-

Eu（Ⅲ）pairs.

2 Quantum Transitions
An energy transfer process can be regarded as a

transition from a state representing the energy local‐
ized initially at the donor subsystem to another state
characterized by the energy localized in the acceptor
unit. This process can be described quantitatively
by an energy transfer rate, that is, the probability of
transition induced by a perturbation per unit of time,
in units of s-1, because the probability is dimension‐
less. Thus, to comprehend the equations for the ET
rates, representations of the initial and final states
are required, which will be addressed in detail later,
as well as the transition probability between these
states per unit of time.

For most transitions occurring at the molecular
level, their rates can be quantitatively described by
Fermis golden rule. A detailed derivation of the ex‐
pression for the transition rate, in particular Fermi s
golden rule, can be found in many textbooks[21-22] and
is provided in the Supporting Information. Here we
will present the main equations and the approxima‐
tions and assumptions employed.

Transitions at the molecular level are described
by quantum mechanics. A system is described by its
state represented by a（vector） state or wavefunc‐
tion, which depends on the spatial and spin coordi‐
nates of its particles and on the time t. This state
can be expressed as a linear combination of a com‐
plete set of eigenfunctions {Ψn ( t ) } with correspond‐
ing energy eigenvalues { En }.

If the system is described by a time-indepen‐
dent Hamiltonian, e. g. , a molecule with contribu‐
tions from the kinetic energy of the nuclei and elec‐
trons and Coulomb interactions between the charged
particles（nuclei-nuclei, nuclei-electrons, and elec‐
trons-electrons）, the time-dependent Schrödinger
equation can be separated and have solutions
Ψn ( t ) = ψn e

-iEn t ћ, where ψn are the stationary（time-
independent） eigenfunctions of this Hamiltonian.
So, if the system is（prepared）at an eigenstate Ψm,
with energy Em, then it is stationary, Ψ *

m( t)Ψm( t) =
ψ*
m e

iEm t ћ ψm e
-iEm t ћ = ψ*

m ψm = | ψm |
2 = constant, and it
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will remain in this state indefinitely. Thus, a pertur‐
bation V̂ ( t ) is needed to promote a transition from
this state to another state. This perturbation causes
the temporal evolution of a non-stationary state
Ψ ( t ), which can still be represented as a linear com‐
bination of eigenfunctions {Ψn ( t ) } with coefficients
{ cn ( t ) }. As a result, the probability of finding the
system at time t in state k is | ck ( t ) | 2 = c*k ( t ) ck ( t ).

As a result of this perturbation, the system can
be described by a Hamiltonian, Ĥ, consisting of the
time-independent Hamiltonian, Ĥ 0, and the perturba‐
tion V̂ ( t ), i. e. , Ĥ = Ĥ 0 + V̂ ( t ). A procedure devel‐
oped by Dirac starts by replacing the wavefunction
Ψ ( t ), in the time-dependent Schrödinger equation
employing Ĥ, by an expansion in terms of {Ψn ( t ) }
and { cn ( t ) }. After applying the time derivative and
the full Hamiltonian Ĥ on this expansion and project‐
ing the resulting equation onto state k（‘multiplica‐
tion’or scalar product with the bra |k）, an exact
equation for the time evolution ċn ( t ) is obtained. By
integrating the resulting equation from t = 0, when
the coefficients are cn ( 0 ), to the time t of interest, an
exact expression for the coefficients cn ( t ) is derived,
so the probability could, in principle, be calculated.
Thus, a uniquely define exact solution is obtained
when the boundary conditions, namely, the initial co‐
efficients cn ( 0 ) are known. These conditions are
usually expressed as cn ( t = 0 ) = δni, where i is the
initial state, or ci ( t = 0 ) = 1 and cn ≠ i ( t = 0 ) = 0.

However, the exact determination of the coeffi‐
cient ck ( t ) requires all the coefficients, including
ck ( t ), i. e. , the exact solution is a set of coupled inte‐
gral equations. So, approximations and assumptions
are needed to obtain a computable expression.

Suppose that the perturbation is so weak and
applied during a time interval so short that all the co‐
efficients remain close to their initial values and are
approximated as cn ( t ) ≅ 0 for n ≠ i and ci ( t ) ≅ 1.
This is the so-called first-order perturbation or first-
order approximation and yields the following expres‐
sion for the coefficients（k ≠ i）at time t[21-22] :

ck( t) ≅ c( )1
k = 1

iћ ∫0t Vki ( t') eiωki t'dt'， （1）
where ωki = (Ek - Ei ) ћ and the generic matrix ele‐

ment, Vkn, of the perturbation operator V̂ is expressed
as

Vkn ( t ) = ∫ψ *
k V̂ ( t )ψndτ ≡ k|V̂ ( t )|n ， （2）

with the respect to the stationary eigenfunctions ψk

and ψn. Notice that the first equality employs the in‐
tegral representation of the matrix element, which is
equivalent to that in the‘bra-ket’（or Dirac）nota‐
tion.
3 Fermi’s Golden Rule for Radiation‐

less（or Nonradiative）Transitions
Several processes are induced by a coupling be‐

tween subsystems or between states and radiation is
not required, representing the so-called radiationless
or nonradiative transitions. For example, in a time
t = 0 the system（instantaneously） absorbs energy
（e. g. , light absorption, mechanical or thermal exci‐
tations）and is promoted to an excited state, thus ini‐
tiating a coupling or interaction. This is the initial
condition of the system, and this excited state is its
initial state i. The nonadiabatic electronic coupling
or the spin-orbit coupling between the initial state i
and another state k causes a radiationless transition
from i to k, i → k. Another example is a system of
two uncoupled subunits, e. g. , donor and acceptor D-

A. Upon excitation, at t=0, localized on the donor
subsystem, the system can be represented as D*-A

and a coupling or interaction between D and A ap‐
pears and promotes a nonradiative transition to an‐
other state that can lead to energy transfer or elec‐
tron transfer, depending on the nature of the donor
and acceptor, and on the initial and final states. In
these radiationless transitions, the coupling or inter‐
action initiated at t=0 does not depend explicitly on
time, so it is constant in time: V̂ ( t ) ≡ V̂ = constant.

Thus, for nonradiative energy transfer process‐
es, a constant perturbation V̂（time-independent） is
considered, which is turned on at t = 0 and off at t =
τ. For this perturbation, the coefficient describing
state k at time t ≥ τ becomes[21] :

ck = - iћ Vki∫0τ eiωki t dt，
Vki = ∫ψ *

k V̂ψidτ ≡ k|V̂|i ， （3）
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where it was considered that the matrix element Vki
has a weak dependence on the quasi-continuum
states around k. The duration of the perturbation, de‐
noted as τ, should not be confused with the lifetime
of an excited state, which is usually also denoted
as τ.

The integral can be performed analytically, so
the transition probability to state k is

Pi
k = |Vki |

2
F i
k(ωki，τ)，

F i
k(ωki，τ) = 1

ћ2
sin2 ( )ωki τ 2
( )ωki 2 2 . （4）

This expression yields the same probability for
the reverse transition: Pi

k = Pk
i , because |Vki | 2 = |Vik |

2

and F i
k = F k

i .
For τ ≳ 2πℏ Ek, the function F i

k (ωki , τ ) be‐
comes sharply peaked, with the height of the peak
around Ek increasing as τ2 ћ2 and width decreasing
as 2πћ τ, so the area of this peak is approximately
2πτ ћ, which grows linearly with τ. This indicates
that a time τ after the initial coupling（or interac‐

tion）between the states or the subsystems, their en‐
ergy eigenvalues will present dispersions of δE =
2πℏ τ, which is consistent with the energy-time un‐
certainty principle because δEτ = 2πћ > ћ 2[21]. So,
the final states after the perturbation are better de‐
scribed as nearly a continuum of energy values with
a narrow distribution represented by a density of
states, ρ (E ) , which is the number of states per en‐
ergy unit around energy E and ρ (E )dE is the num‐
ber of（continuum） states in the range E to E +
dE [21-22]. In other words, the perturbation, represent‐
ed by the interaction（or coupling）, has generated
many final states closely spaced in energy. For a
molecular system, other mechanisms of energy dis‐
persion will also be present, such as a distribution
of closely spaced rotational‐vibrational energy lev‐
els. Thus, if the final states have a density of
states ρ (E ) , then the total probability of transition
to state k becomes an integral of Pi

k ρ (E )dE over
all final states accessible under the influence of the
perturbation:

Pi
k̄ = ∫ ||Vki

2
F i
k (ωki，τ ) ρ (Ek )dEk ≅ |Vki |

2
ρ (Ek ) ∫F i

k (ωki，τ )dEk， （5）
where the last approximation considers that the ma‐
trix element Vki and the density of state ρ (Ek ) are
constant in the integration range. Because the func‐
tion F i

k (ωki , τ ) is sharply peaked, the integrand has
significant values only around Ek, which justifies the
last approximation. This property of the function
F i
k (ωki , τ ) also allows for extending the integration
from -∞ to +∞, so the last integral is just 2πτ ℏ and
Pi
k̄ has a linear dependence on τ, where k̄ represents
the summation over over the quasi-continuum（e. g. ,
rovibrational）contributions. . As a result, the transi‐
tion rate Wi → k ≡ Wki from an initial state i to a final
state k, which is the change of the probability per
unit of time, can be written as[21-22]：

Wi → k ≡ Wki = dP
i
kdt ≅

Pi
k̄

τ
= 2π
ћ

|Vki |
2
ρ (Ek ) .（6）

This is called Fermi’s golden rule and provides
the rate of transition.

Despite this derivation being performed for con‐
stant perturbation, the same expression is obtained
for periodic potentials that describe, for instance, the

electromagnetic radiation.
For a proper application of this expression for

the transition rate, it is important to present the ap‐
proximations and assumptions as well as their conse‐
quences（see Supporting Information）.

The task of applying Eq.（6）to a given process
becomes（ⅰ）the proper representation of the initial
and final states of the system,（ⅱ）defining and es‐
tablishing the perturbation, and（ⅲ） determining
the density of states.

The sharply peaked function F i
k (ωki , τ ) appear‐

ing in Eq.（5）becomes a Dirac delta function at the
τ → ∞ limit. As a result, the density of states ρ (Ek )
in Eq.（6） can be replaced by the delta function
δ (Ek - Ei ) for long τ[21-22] :

wki ≅ 2πћ |Vki |
2
δ (Ek - Ei)，

Wki = ∫wki ρ (Ek ) dEk . （7）
This expression is known as state-to-state Fermi  s

golden rule. The delta function δ (Ek - Ei ) expresses
the condition that at the τ → ∞ limit, only transitions
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that satisfy energy conservation can be caused by a
secular（time-independent） interaction. The pres‐
ence of δ (Ek - Ei ) in Eq.（7） does not violate the
energy-time uncertainty principle, because as τ→∞ ,
the energy dispersion δE = 2πћ τ vanishes.
4 Rates of Energy Transfer Processes

As mentioned, the application of Eq.（6）for an
energy transfer process between a donor and accep‐
tor D-A requires the proper representation of the ini‐
tial and final states. Usually, the subsystems D and
A are considered uncoupled or weakly coupled, so
that the state of the system can be represented by a
（tensor） product of wavefunctions describing the
subunits, namely, Ψ ≡ ΨDA ≅ ΨDΨA or |Ψ ≡ | DA ≅
| D | A . In this representation, the wavefunction ΨA

depends on the spatial and spin coordinates of the
nuclei and electrons constituting the acceptor and
similarly ΨD the donor. Despite this simple notation,
ΨD and ΨA represent multielectronic states that may
require more than one determinant（multidetermi‐
nantal） for an adequate description. Employing a
single particle or monoelectronic representation may
lead to improper descriptions and an unreliable pic‐
ture of the energy transfer process.

The initial state | i of an energy transfer pro‐
cess can be described by the donor at a higher or ex‐
cited energy level and the acceptor at a lower or
ground level denoted as | i = | D* A . This repre‐
sents the additional energy to be localized at the do‐
nor subsystem. Whereas the final state | f would
have this additional energy localized at the acceptor
subunit and is represented as | f = | DA* . As a re‐
sult, the energy transfer process | i → | f can be
pictured as a simultaneous deexcitation of the donor
and excitation of the acceptor | D* A → | DA* , with‐
out the presence of any photon or charge trans‐
ferred. The ET process can then be represented as
| D* | A → | D | A* to emphasize the independence
of the subsystems. In addition, this representation
allows for selection rules of the ET process. In other
words, depending on the perturbation V̂, a given de‐

excitation | D* → | D or excitation | A → | A*

may not be allowed, so this energy transfer pathway
is forbidden. However, it is important to remember
that the selection rules will also depend on the na‐
ture of the donor and acceptor subsystems.

Because the D-A subunits are considered inde‐
pendent, the perturbation can be promptly and easily
pictured as the interaction between these subsys‐
tems. So, the perturbation V̂ can be represented by
the Coulomb（or electrostatic） interactions between
electron densities and nuclear charges of the donor
and the acceptor. This perturbation leads to a mech‐
anism known as multipolar[23] or, more restricted, di‐
polar or Förster[24]. On the other hand, approximating
the wavefunction of the system by a（tensor）product
causes the electrons of the donor to be distinguish‐
able from the electrons of the acceptor, which vio‐
lates the indistinguishability and antisymmetry prin‐
ciples of quantum mechanics. So, the exchanges be‐
tween the electrons of the donor and the acceptor
can be regarded as a perturbation of the D-A sub‐
units. This perturbation can be described by an ex‐
change operator and originates a mechanism known
as exchange or Dexter[25] .

A step further in the development of a work‐
able expression for the energy transfer rate can be
taken by realizing that, usually, the time scale of
the nuclear motion is much longer than of the elec‐
tronic motion. As a result, the molecular wavefunc‐
tion can be approximately factored into a product of
electronic and nuclear wavefunctions. This is the
well-known Born-Oppenheimer approximation, which
has been used since the dawn of quantum mechan‐
ics and its successes and limitations are well-estab‐
lished[26-27]. So, the wavefunctions describing the ini‐
tial state with the energy localized at the donor,
| i = | D* A , and the final state related to the ener‐
gy localized at the acceptor, | f = | DA* , can be
approximated as

| i ≅ | D* A e| D
* A nuc，

| f ≅ | DA* e| DA
*

nuc， （8）
where | D* A e ≡ψe (D* A ) is the electronicwavefunction
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of the donor in an excited state and the acceptor in
the ground state, while | DA* e ≡ ψ e (DA* ) is the elec‐
tronic wavefunction of the donor in the electronic
ground state and the acceptor in an excited state.
These electronic states have corresponding nuclear
wavefunctions represented as | D* A nuc ≡ ψ nuc (D* A )
and | DA* nuc ≡ ψ nuc (DA* ), which are usually de‐
scribed as vibrational wavefunctions. It is important
to emphasize that the electronic wavefunction
| X e ≡ ψ e (X ) is a parametric function of the nucle‐
ar positions Rα, with α being the label of each nucle‐
us in the D-A system. As a result, any expectation
value concerning the electronic wavefunction will be
a function of the set { Rα }, namely, A ({ Rα }) = Â =
∫ψ*

e (X ) Âψ e (X )dτ ≡ X|Â|X e. Substitution of these
factored representations of the initial and final states
in Eq.（6）yields the following expression for the en‐
ergy transfer rate

WET ≅ 2πћ |Vfi |
2
F，

Vfi = ∫ψ *
e (DA* )V̂ψ e (D* A )dτ ≡ DA*|V̂|D* A e，（9）

where Vfi is the electronic matrix element due to the
time-independent part V̂ of the perturbation operator,
while the F-factor includes contributions from the
overlap of the nuclear wavefunctions, ∫ψ*

nuc (DA* )·
ψ nucD* A )dτ ≡ ( D* A DA* , and from the density of
states ρ (E ). This separation into an electronic con‐
tribution Vfi and a F-factor is possible only if the
time-independent perturbation V̂ acts in the electron‐
ic（spatial and spin）coordinates, so Vfi is a function
of the nuclear positions Rα, Vfi ≡ Vfi ({Rα} ). Notice
that in the wavefunction representation of the matrix
element, the notation ψ*

e represents the complex con‐
jugate of the function ψ e, whereas DA* or D* A repre‐
sents the acceptor or the donor in an excited elec‐
tronic state. This confusion does not arise in the

‘bra-ket’notation.
So far, the proposed model, expressed in Eq.

（9）, to describe energy transfer processes is general
and can be applied to intermolecular D…A organic
and/or inorganic pairs[28-29] as well as energy transfer

in intramolecular D-A pair such as lanthanide com‐
plexes L-Ln（ligand-lanthanide ion）[20,30-33] and lantha‐
nide-lanthanide ion pairs LnD-LnA[34-37]. For the latter
case, it is important to distinguish two situations:
LnD-L-LnA, when there are bridging ligands between
the lanthanide ions; and LnD-LnA, when no ligands
bridge the ions. The case of LnD-L-LnA will not be
considered here because the direct energy transfer
pathways between the lanthanide ions are very ineffi‐
cient compared to the ligand-lanthanide energy
transfer pathways. So, most likely this case involves
nonradiative energy transfer processes between the
ligands and the lanthanide ions. Recently, the theo‐
retical modeling of intramolecular ligand-lanthanide
energy transfer was reviewed[20]. So, here the focus
will be on the direct energy transfer in LnD-LnA pairs
with no bridging ligands will be described.
5 Energy Transfer Rates Between

Lanthanide Ions
A quantitative description of the nonradiative

energy transfer between lanthanide ions（Ln-Ln ET）
was developed in the early 1970s[38], after the success
of the Judd-Ofelt theory for the 4f-4f transition inten‐
sities[39-40] and way before the development of the li‐
gand-lanthanide ET model[20,32,41]. This sequence of
events may be explained by the very similar nature
of the donor and acceptor states in the Ln-Ln ET, in
contrast to the very dissimilar nature of the states in‐
volved in ligand-lanthanide ET. Lanthanide ions
have a unique feature related to the shielding of the
N electrons in the 4f subshell, 4fN. Because the
filled subshells 5s25p6 are more radially external
than the 4fN subshell, the electronic density of 5s25p6
shields the 4f electrons from the interactions with
the surroundings （e. g. , ligating atoms, ligands,
ions, lattice, solvent, etc.） of the lanthanide. As a
result, the 4f states are practically those of the free-
ion, where the effects of the surroundings can be
treated as a small perturbation, if necessary. This
feature was explored in the development of the Judd-

Ofelt theory, and the successes of this formulation
validate this picture of the 4f states. Therefore, donor
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and acceptor states in the energy transfer processes
between 4f levels of lanthanide ions are well-defined
and several theoretical tools developed previously
could be employed. These Ln-Ln ET processes can
be pictured as an excited state within the 4f ND config‐
uration of the donor lanthanide being deexcited to a
lower level（usually the ground state）and its energy
is transferred to the acceptor lanthanide causing an
excitation within its 4f N configuration. Because the
4f donor and acceptor states are well localized on
each lanthanide, the donor-acceptor distance is tak‐
en as the distance between the lanthanide ions. This
feature is not present in a ligand-Ln system, because
the states of the ligand are usually delocalized, the
donor-acceptor distance is much more difficult to de‐
fine and determine.

Because of the localized nature of the 4f states,
the donor and acceptor electronic wavefunctions can
be approximately treated as independent or uncou‐
pled, that is,

| D* A e ≡ ψ*
e(DA* ) ≅ | D* | A ，

|DA*

e ≡ ψ*
e (DA* ) ≅ |D | A* ， （10）

where | D* and | D represent the electronic wave‐
function of the isolated donor in the excited and
ground states, respectively, whereas | A and | A* of
the isolated acceptor in the ground and excited
states. As a result, the perturbation operator V̂ in
Eq.（9）becomes well defined, namely, it represents
the interactions between these two independent D-A
subunits. The immediate interaction is the electron
repulsions between the electronic densities of
| D* | A and | D | A* . This has a classical analogue
related to Coulomb interactions between the charge
densities and can be represented by the following op‐
erator

V̂C =∑
i ∈ D
∑
j ∈ A

e2

|| r i - r j
≡∑

i ∈ D
∑
j ∈ A

e2

rij
， （11）

where r i and r j are the position vectors of electrons i
（belonging to the donor）and j（belonging to the ac‐
ceptor）, respectively.

Another more subtle interaction comes from the
principles of quantum mechanics, which has no clas‐

sical analogue. In the approximation expressed by
Eq.（10）, it is implicitly assumed that the donor has
a fixed number of electrons, e. g. , ND, as well as the
acceptor has NA-electrons. However, when these
subsystems interact with each other, the electrons of
the donor must become indistinguishable from the
electrons of the acceptor, as a principle of quantum
mechanics. This can be accomplished by an ex‐
change operator that permutes the indices（or la‐
bels） of each electron of the donor with each elec‐
tron of the acceptor, which can be represented by the
following operator

V̂ ex =∑
i ∈ D
∑
j ∈ A

e2

rij
P ij，Pij = 12 + ŝ i∙ŝ j， （12）

where ŝ i and ŝ j are the spin operators of electrons i
and j. It is important to realize that the wavefunc‐
tions of the isolated donor and acceptor are normal‐
ized and antisymmetrized, so they individually satis‐
fy the principles of quantum mechanics.

The electronic wavefunctions of 4f states of an
isolated lanthanide ion are accurately described by
the total electronic angular momentum quantum
number J and additional quantum numbers ψ. Thus,
the initial | D* | A and final | D | A* states, Eq.
（10）, in the ET process are represented as
| ψ*

D J *D | ψA JA and | ψD JD | ψ*
A J *A . Notice that the

projection MJ of the angular momentum J is also an
appropriate quantum number. In addition, it is pos‐
sible to represent these wavefunctions as a linear
combination of the wavefunctions represented in the
total spin S and orbital L angular momenta（and
their projections, MS and ML）basis as the so-called
intermediate coupling scheme. This transformation
is quite convenient because it allows the choice of a
diagonal matrix representation of the operator of in‐
terest.

Once the wavefunctions describing the initial
and final states have been properly represented, the
matrix element involving the perturbation operator
V̂ = V̂C + V̂ ex can be determined. Notice that this op‐
erator involves the two-electron interaction e2 r12,
which can be expanded in terms of the spherical har‐
monics or equivalently in terms of Racah s irreducible
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spherical tensor operators[23,42]. This allows the factor‐
ization of the matrix element into radial and angular
parts, where this latter part can be calculated analyti‐
cally. As a result, the following equations for the en‐
ergy transfer rates between lanthanide ions can be
obtained[16,34-37,43] and classified the dipole-dipole,W d‐d

W d‐d = 4π3ћ
SDd SAd
R 6DA

F， （13）
the dipole-quadrupole and quadrupole-dipole,
W dq‐qd ,

W dq‐qd = πћ
(SDd SAq + SDq SAd )

R 8DA
F， （14）

the quadrupole-quadrupole, W q‐q,
W q‐q = 28π5ћ

SDq SAq
R 10DA

F， （15）
the magnetic dipole-magnetic dipole Wmd‐md,

Wmd‐md = 4π3ћ
SDmdSAmd
R 6DA

F， （16）
and the exchange, W ex, mechanisms

W ex = 2πћ
é

ë
ê
êê
ê( e2RDA ) ρ2ffùûúúúú

2
F， （17）

where Sd（in erg·cm3） is the modified forced elec‐
tric dipole strength
Sxd = e

2( )1 - σx
1

2

2Jx + 1 ∑
K = 2，4，6

Ω x
K ψ *

x J *x  U ( )K ψx Jx
2
，

（18）
while Sq（in erg·cm5） is the modified quadrupole
strength

Sxq = e
2 (1 - σx

2 )22J x + 1 f  C( )2 f
2 ×

r2
2
x ψ

*
x J *x  U ( )2 ψx Jx

2
， （19）

whereas Smd （in erg∙cm3） is the magnetic dipole
strength analogue

S xmd = μ
2
B (1 - σx

md )2
(2J x + 1) ψ *

x J *x  M̂ ψx Jx
2
，

M̂ ≡ L̂ + gS Ŝ， （20）
with x = A for the acceptor and x = D for the donor,
Jx = J *D being the total angular momentum quantum
number of the excited state of the donor or Jx = JA of
the ground state of the acceptor, and gS = 2. 002 319 3
being the electron spin g-factor[44]. See the Support‐
ing Information for dimensional analysis and unit
conversion.

The total energy transfer rate will be a summa‐
tion of each contribution in Eqs.（13）-（17）. Usual‐
ly, there is one contribution that dominates this sum,
however, there are exceptions, and the relative con‐
tributions change strongly with the donor-acceptor
distance, RDA.

It is important to emphasize that Sd is denoted
as forced electric dipole strength analogue because
only the forced electric dipole（FED）mechanism con‐
tributes to the calculation of ΩK. This is due to the
contribution of the opposite parity configuration
mixing by the odd components of the ligand field to
the intensity parameters ΩK , like in the Judd-Ofelt
theory[38].

These equations are the same as those pub‐
lished in the revisited versions of the energy transfer
rates between lanthanide ions[34,36-37]. However, those
involving multipole and magnetic dipole mecha‐
nisms were rearranged and separated into more sym‐
metrical and easily interpretable forms. In addition,
these separations allow a stepwise calculation of the
contributing terms, which can assist the analysis of
the transfer rates and determine if there are domi‐
nant contributions from either donor or acceptor.

The energy transfer rates are expressed in terms
of well-defined and calculable quantities. It must be
emphasized that the choice of the two-electron inter‐
action as e2 r12, implies that the CGS system of units
is employed. The quantities in these expressions de‐
pend on physical constants and other properties in‐
dependent of the nature of the lanthanide ion:

⋅ ℏ = h (2π ) is the reduced Planck constant
（see the Supporting Information for the values of the
physical constants and unit conversion）,

⋅ e is the elementary charge in esu,
⋅ μB = eћ (2m e c ) is the Bohr magneton,
⋅ f  C( )2 f = -1. 366 is the one-electron

doubly reduced spherical tensor matrix element（di‐
mensionless）[23] ,
on intrinsic quantities of the lanthanide ion:

⋅ J *D is the total angular momentum quantum
number of the excited state of the donor and JA of the
ground state of the acceptor,
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⋅ ψ* J * U ( )K ψJ （dimensionless）are the dou‐
bly reduced matrix elements of the unit irreducible
tensor operator U ( )K of rank K evaluated in the inter‐
mediate coupling scheme. Their square, ψ* J *

 U ( )K ψJ
2, are often abbreviated as U ( )K [45] or

U (K )[46] and tabulated values can be found in refer‐
ence [47], e. g. , Eu（Ⅲ）has 7F2 U ( )2 5D0

2 = 0. 003 2
and 7F4 U ( )4 5D0

2=0. 002 3,
⋅ ψ* J * M̂ ψJ （dimensionless）, M̂ ≡ L̂ + gS Ŝ ≅

L̂ + 2Ŝ is the doubly reduced matrix element of the
angular L̂ and spin Ŝ operators calculated in the in‐
termediate coupling scheme[48-50], have typical values
of 0. 1-0. 6 for states with different L and S terms[37]
and assume high values into the same L and S terms
（e. g. , Tb（Ⅲ）has || 7F5 M̂ 7F6 |

| = 4. 38）[51]. It
is important to emphasize that this matrix element is
also expressed in units of ћ, in which case, the Bohr
magneton μB cannot include ћ,

⋅ rt ≡ 4f|rt|4f is the expectation value（inte‐
gral）of rt with respect to the 4f radial function and
the values for t =2, 4, and 6 can be found in Ref.
[52], e. g. , r2 are 0. 997, 0. 893, 0. 710, 0. 773 a.
u. for Eu（Ⅲ）, Tb（Ⅲ）, Yb（Ⅲ）, and Er（Ⅲ）, re‐
spectively[52],

⋅ ΩK ≡ ΩK (FED) is the forced electric dipole
contribution to the intensity parameter of rank K, in
units of 10-20 cm2[20,34,36] ,
on the surroundings of the lanthanide ion:

⋅ (1 - σk ), with k = 1 and 2, is the shielding
factor for donor and acceptor approximated as[34,53-54]

(1 - σk ) = ρ (2β ) k + 1， （21）
where ρ is the overlap integral between the valence
subshells of the ligating atom and the 4f subshell of
the lanthanide ion and β = 1 ( )1 ± ρ [53,55] ,

⋅ σmd is the shielding factor, for donor and ac‐
ceptor, which shields the magnetic dipole interac‐
tions,
on the lanthanide pair:

⋅ RDA is the distance between the lanthanides,
RDA = ( xD - xA )2 + ( yD - yA )2 + ( zD - zA )2，（22）

with ( xD , yD , zD ) and ( xA , yA , zA ) being the Cartesian
coordinates of the donor and acceptor centers, re‐
spectively,

⋅ ρ ff is the overlap integral between the 4f sub‐
shells of the donor and acceptor lanthanide ions[53].

The last quantity to determine the ET transfer
rates is the F-factor in Eq.（9）, which includes con‐
tributions from the nuclear wavefunctions and the
density of states. It is important to recall that when
the donor subunit is excited to generate the initial
state in the energy transfer process, the energy eigen‐
values will be broadened and will have a quasi-contin‐
uum behavior that is described by the density of
states of the donor ρD (E ) and of the acceptor ρA (E ).
In the original model for the nonradiative energy
transfer between organic species via the dipole-di‐
pole mechanism[24], this factor was assigned to and
determined as the spectral overlap between the ab‐
sorption band of the acceptor and the emission band
of the donor. As a result, the emission spectrum of
the donor and the absorption spectrum of the accep‐
tor are recorded separately and properly rescaled to
determine the area under which these spectra over‐
lap. However, this requires the spectra of the isolat‐
ed donor and acceptor, which might not be viable, as
well as a delicate procedure for determining the area
of the spectral overlap. This would also preclude the
development of a quantitative and predictive model.
Considering that the density of states ρD (E ) and
ρA (E ) are Gaussian functions, then the area of their
overlap can be expressed as a sum of two error func‐
tions that depend on the widths of the Gaussian func‐
tions, their energy maxima, and the point of their in‐
tersection. Despite this area being calculable, there
is not an analytical expression for it, which requires
numerical modeling.

It should be noticed that a typo occurred in the
expression of Wmd‐md in previous publications[16,37,56],
where σx

1 was used instead of σx
md as shown in Eq.（20）.

Indeed, because the electric dipole interactions,
which are shielded by electron densities represented
as σx

1, have different nature than the magnetic dipole
interactions, the shielding of these interactions,
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represented as σx
md, should not be the same. Hence,

the introduction of the new notation σx
md. However,

because the shielding of the 4f electrons by the re‐
maining electrons of the lanthanide ion and of the li‐
gands involves closed-shells（e. g. , 5s25p6）, then it
is expected that the magnetic shielding σx

md should be
very small. This reasoning, associated with the diffi‐
culties in modeling σx

md, has prompted the complete
neglect of σx

md in the equation for Wmd‐md
[57-58] or to con‐

sider σx
md ≈ 0 in the calculations of Wmd‐md

[16,37,56],
which will cause a slight overestimation of the Wmd‐md
rate.

During the study of the plasmon effects on the
luminescence of lanthanide ions, an alternative mod‐
el was developed to determine the contributions of
the density of states ρD (E ) and ρA (E ) to the F-fac‐
tor[59]. Later, the overlaps of the vibrational states
were taken into consideration to develop a more com‐
plete formulation of the F-factor, which becomes a
function of the temperature by assuming a
Boltzmann distribution for the vibrational states of
the initial and final electronic states[20,34]. This formu‐
lation is relevant because it explicitly accounts for
the creation of phonons when the donor state has en‐
ergy higher than the acceptor. It also accounts for
the annihilation of phonons when the donor state is
below in energy relative to the acceptor state be‐
cause the energy mismatch must be compensated by
phonons[20]. By considering the bands of the donor
and acceptor, ρD (E ) and ρA (E'), have Gaussian pro‐
files, an analytical expression for the integral of a
product of two Gaussian functions can be ob‐
tained[60]. This comes from the fact that a product of
two Gaussian functions is a well-defined Gaussian
function, whose define integral has analytical expres‐
sion and the F-factor can be expressed approximate‐
ly as（in erg-1）[34]

F = Υ

( )γ2D + γ2A 1 2 × e-( Δ γD ) 2ΓG ( Δ，T )， （23）
where

Γ =
é

ë

ê

ê
êê
ê

ê ù

û

ú

ú
úú
ú

ú1 - 1
1 + ( )γD γA

2 ln 2， （24）

Υ = ( ln 2π ) 1 2 1ch，
with γD and γA being the bandwidths at half-height
（in cm-1）of the donor and acceptor, respectively, so
2πcћγx has units of energy（in erg）, Δ（in cm-1）be‐
ing the energy difference（mismatch） between the
donor and acceptor states, Δ = ED - EA, and Υ =
2. 3646184 × 1015 cm-1·erg-1. The function G ( Δ,T )
in Eq.（23）collects contributions from the overlaps
of the vibrational wavefunctions, which can be ex‐
pressed in terms of the Huang-Rhys parameters with
dependence on the average vibrational quantum
number and on the number of phonons required for
energy conservation. An approximated expression
for this function is

G ( Δ，T ) = ì
í
î

1， Δ > 0
eΔ (kBT )， Δ < 0， （25）

which represents an approximation to the multipho‐
non mechanism used to compensate for the energy
conservation, with kB being the Boltzmann constant.

This reorganized form of the F-factor shows ex‐
plicitly its dependence on the energy mismatch Δ
and the bandwidths ћγD and ћγA. For instance, in
the case of Ln-Ln energy transfer, the bandwidths are
narrow and practically the same, γD ≅ γA ≡ γ, so F =
(Υ γ 2 ) e-( Δ γ ) 2( )ln 2 2G ( Δ ). For narrow bands, the
restriction on the energy mismatch Δ is quite se‐
vere. For instance, γ ≅ 200 cm-1 gives F ≅ 8 ×
1012 e-0. 35 ( Δ γ ) 2 erg-1, for Δ > 0. If Δ ≅ 1 000 cm-1 = 5γ,
then e-0. 3466∙5

2~10-4 and F~109 erg-1; however, if
Δ ≅ 2 000 cm-1 = 10γ, then e-0. 3466∙102~10-15 and F~10-2
erg-1. So, a twofold increase in Δ leads to a 1011 de‐
crease of F, because of the quadratic dependence on
Δ in the argument of the exponential. This situation
is quite distinct from that involving a sensitizer with
a broad band, where γD ≫ γA. In this case, theF-fac‐
tor becomesF=(Υ γD ) e-( Δ γD ) 2 ln 2G ( Δ ). So, for a donor
bandwidth of γD ≅ 2 000 cm-1 and Δ ≅ 6 000 cm-1 =
3γD, then F~2 × 109 erg-1. Despite this energy mis‐
match Δ being six times larger than that of narrow
bands, the F-factor is the same order of magnitude
because it corresponds to three times the broader
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bandwidth, whereas in the latter case it corresponds
to five times the narrower bandwidth.

The dependence of the F-factor on the energy
mismatch, bandwidths, and temperature is depicted
in the following Figs.

Fig. 1 shows that the F-factor is slightly asym‐
metric because the function G ( Δ,T ) differs when Δ <
0 or Δ > 0（Eq. 25）. For very narrow bandwidths
values（e. g. , γD = γA ≈ 100 cm-1）, the F-factor as‐
sumes high values only if Δ is in the same order as
bandwidths.

Temperature effects on the energy transfer rates
can be rationalized from the changes of the F-factor.
Thus, two outcomes（direct and indirect）are expect‐
ed: the energy mismatch barrier in the G ( Δ,T ) when
Δ<0（direct）and the widening of the bandwidths due
to the temperature rising（indirect）. Fig. 2 shows the
F-factor behaves as a function of temperature（di‐
rect） and of Δ, for fixed values of γD = γA ≈ 400
cm−1. For the temperature effects on the bandwidth
broadening, consider the following hypothetical case:
a co-doped Nd（Ⅲ）,Yb（Ⅲ）-containing material at
an initial temperature Ti presents γD (Ti ) = γA (Ti ) ≈
300 cm−1 for a pair of donor and acceptor transitions
（e. g. , Nd（Ⅲ） 4G5/2→4I15/2 as donor and Yb（Ⅲ）
2F7/2→2F5/2 as acceptor, with Δ ≅1 100 cm−1[47]）, and
the sample is uniformly heated to a final temperature

Tf and both bandwidths increase by 50 cm−1, so
（γD (Tf ) = γA (Tf ) ≈ 350 cm−1）. According to Eq.
（23）and approximating Δ ≅ 1 000 cm−1（as illustrat‐
ed in Fig. 3）, the F-factor increases from 1. 18×1011
to 2. 82×1011 erg−1.

Notice that the graph in Fig. 3 presents symme‐
try with respect to the interchange of γD and γA val‐
ues, which is not evident in Eqs.（23）and（24）be‐
cause of the e-( Δ γD ) 2Γ term. However, it makes sense
once the Dirac delta function acting in k and i states
should be the same when the order of states is re‐
versed, i. e. , δ (Ek - Ei) = δ (Ei - Ek ) in Eq.（7）.
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Fig.3 Dependence of the F-factor on the energy bandwidths
of the donor（γD）and the acceptor（γA）. Δ = 1 000
cm−1. Graph in linear scale in Fig.S3.
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Fig.2 Dependence of the F-factor on the energy mismatch Δ
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6 Selection Rules for Energy Transfer
Rates
Lanthanide ions have a wealthy number of lev‐

els in the optical region that can be active in energy
transfer processes. So, the number of ET pathways
between two lanthanide ions can be substantially
large and the selection rules are important to ex‐
clude those pathways that are null. In fact, the selec‐
tion rules of the J quantum number, together with
the energy mismatch Δ, in Eq.（23）, are very useful
to select the donor and acceptor states for adequate
ET pathways.

The exchange contribution, Eq.（17）, to the ET
rate does not have selection rules for the J quantum
number, that is, it always present, regardless of the
donor or acceptor states. This is particular to lantha‐
nide-lanthanide ET processes because in this case,
the isotropic contribution does not vanish, so no de‐
pendence on the angular momentum appears. For
the case of ligand-lanthanide ET processes, because
the ligand states are usually restricted to singlets
and triplets, with a singlet ground state, the contribu‐
tion from the spin operator vanishes and only transi‐
tions with | ∆J | = 0 or 1 are allowed（nonvanishing）[20].
Despite this lack of selection rules, the exchange
contribution is strongly dependent on the lanthanide-
lanthanide distance, RDA, because of R-2DA in Eq.
（17）, and, mainly of ρ4ff dependence. Indeed, the
overlap integral between 4f-4f radial functions, ρ ff,
decreases rapidly with the lanthanide-lanthanide dis‐
tance（Fig. 4）[53]. As a result, depending on the val‐
ue of the F-factor, the exchange contribution, W ex,
can be promptly ruled out and would be considered
mostly when the other contributions are null.

In the case of the multipolar mechanisms, W d‐d,
W dq‐qd, and W q‐q, the selection rules are: | J* - J | ≤ K ≤
J * + J. These come from the fact that these rates will
vanish when the dipole Sxd or quadruple Sxq strengths
are null. On the other hand, these quantities will be
null when all reduced matrix elements ψ*

x J *x

 U ( )K ψx Jx are zero, hence these selection rules.
For instance, consider the 5D4 → 7F5 transition of Tb

（Ⅲ）as a donor state, then | J*D - JD | = 1 and J *D + JD =
9, so 1 ≤ K ≤ 9 which covers all possible values of K
and increases the chance of having nonzero matrix
elements. On the other hand, if the acceptor state is
the 7F0 → 5D1 transition of Eu（Ⅲ）, then | J *A - JA | =
1 and J *A + JA = 1, so K = 1 and the transition is for‐
bidden because matrix elements ψ*

x J *x  U ( )1 ψx Jx

are zero. However, these selection rules may be
slightly relaxed by the J-mixing effect, providing
very small values of ψ*

x J *x  U ( )2 ψx Jx
2 ≈ 0. 0032 ×

0. 052 for the specific cases involving the Eu（Ⅲ）
7F0 level. Therefore, this effect is negligible in the
energy transfer between lanthanide ions.

So, the contributions from multipolar mecha‐
nisms, W d‐d, W dq‐qd, and W q‐q, to the ET rate via the
pathway Tb（Ⅲ） 5D4 →7F5 to Eu（Ⅲ） 7F0 → 5D1 are
null. However, this pathway is allowed by the ex‐
change mechanism and might be allowed by the mag‐
netic dipole mechanism. Hence, for the multipolar
mechanisms, another acceptor state of Eu（Ⅲ）needs
to be considered, e. g. , 7F1 → 5D1. In this case,
| J *A - JA | = 0 and J *A + JA = 2, so K = 2 and the
7F1 → 5D1 transition is allowed because matrix ele‐
ment U ( )2 of Eu（Ⅲ）is nonzero.

The remaining mechanism for ET between lan‐
thanide ions is the magnetic dipole -magnetic dipole,

0

-2
-3
-4

-6
-5

-1

2.0 2.5 3.0 3.5 4.0 4.5 5.0
RDA/Å

lgρ
ff

Tb（Ⅲ）‐Eu（Ⅲ）
Yb（Ⅲ）‐Er（Ⅲ）Nd（Ⅲ）‐Yb（Ⅲ）

Fig.4 4f-4f overlap integrals（lg scale of ρ ff）as a function of
Ln-Ln distance（RDA in Å）for the Tb（Ⅲ）-Eu（Ⅲ），

Yb（Ⅲ）-Er（Ⅲ），and Nd（Ⅲ）-Yb（Ⅲ）pairs. DFT
calculations with BP86 functional［61-62］，TZ2P basis
set［63］，and the inclusion of ZORA scalar relativistic
effects［64-65］ were performed in the ADF program［66］.
Parametric functions derived from these calculations
for any Ln-Ln pair can be found in reference［53］.
Graph in linear scale in Fig.S4.
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Wmd‐md, in Eq.（16） and（20）. Thus, the selection
rules are given by the ψ* J * L̂ + gS Ŝ ψJ matrix
elements, which will be zero unless ∆J = 0, ± 1, ex‐
cept J * = J = 0. As a result, the Wmd‐md contribution
to the ET rate via the Tb（Ⅲ） 5D4 →7F5 to Eu（Ⅲ）
7F0 →5D1 pathway will be nonzero because ∆J = ±1
for both transitions, which satisfy the selection rules.

Notice that for Eu（Ⅲ）, the first excited state
7F1 is close to ground level 7F0, so the populations of
these states will depend on the temperature via the
Boltzmann factor. When comparing the relative con‐
tributions of each mechanism to the total ET rate, it
is common to weigh those rates involving the 7F0 and
7F1 levels by ca. 0. 65 and 0. 33（at 300 K）, respec‐
tively. However, care must be exercised when the
ET rates are going to be employed in the rate equa‐
tions. In this case, the thermal effects are already in‐
cluded in the initial populations when solving the
rate equations, so the weighting procedure should
not be overcounted.
7 Forced Electric Dipole Intensity Pa‐

rameter，ΩK（FED）
The forced electric dipole（FED） contribution

to the intensity parameter ΩK（with K =2, 4, and 6）,
that appears in the（forced）electric dipole strength
Sd, Eq.（18）, is perhaps one of the most difficult
quantities to determine. It cannot be determined
from fitted values of experimental absorption or emis‐
sion spectra, because the fitted intensity parameters
ΩK contains contributions from both FED and dynamic
coupling（DC）mechanisms. Usually, the FED con‐
tribution to ΩK is very small; however, it depends on
the lanthanide ion and its environment, so no trends
have been observed[37,67-69]. It cannot be neglected, be‐
cause despite it being small, the contributions of the
W d‐d and W dq‐qd rates can be relevant or even domi‐
nant for several ET pathways. In addition, ΩK (FED)
contains effects from the environment of the lantha‐
nide ion, which can be used to design systems with
more efficient ET pathways. Therefore, values of
ΩK (FED) have to be obtained from quantitative mod‐
els. For instance, the simple overlap model（SOM）[55,70]

yields quantitative expressions for ΩK (FED), which
can be evaluated using the JOYSpectra web plat‐
form[71]. For Eu（Ⅲ）and Tb（Ⅲ）in a unique nine-
coordination site of the doped material Sr3Tb0. 90Eu0. 10-
（PO4）3[36,71], two sets of ΩK (FED) {Ω 2 ; Ω 4 ; Ω 6}（in
units of 10-20 cm2）are obtained: {0. 60; 0. 21; 0. 26}
for Tb（Ⅲ）and {0. 82; 0. 38; 0. 52} for Eu（Ⅲ）.

These calculations were performed using the
values of the force constant, kLn‐L, of the Ln-Ligating
atom bond obtained from density functional theory
（DFT）calculations and, therefore, the values of the
g-charge factors were determined for all Ln -O pairs
with Eq. S80[36]. In the specific case of Sr3Tb0. 90Eu0. 10-
（PO4）3 materials, the calculated kLn‐L is in the range
of 0. 38-0. 42 mdyn/Å and it provides g-charge fac‐
tors around 1. 29. For further details on applying
the SOM model, see Supporting Information and ref‐
erences [20, 35, 55, 67, 70-76].
8 Illustrative Examples of How to Cal‐

culate Energy Transfer Rates
Here we will illustrate step-by-step examples

of some energy transfer pathways between Ln（Ⅲ）

ions. The first example（E1） involves the Tb（Ⅲ）
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Fig.5 Energy level diagram showing Eu（Ⅲ）and Tb（Ⅲ）

levels. The green arrow denotes the Tb（Ⅲ）5D4→7F5
transition（donor）while the blue lines represent Eu
（Ⅲ）7F1，0→5D1 transitions（acceptors）. The levels in‐
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[ 5D4 → 7F5] → Eu（Ⅲ） [ 7F1 →5D1] energy transfer
pathway which is the dominant one for Tb-Eu pro‐
cesses[36-37]. As an exercise of a direct application of
selection rules on J, the Tb（Ⅲ）[ 5D4 →7F5] →Eu
（Ⅲ）[ 7F0 →5D1]（E2）will also be addressed. These
two pathways are illustrated in Fig. 5.

Since the discovery of the upconversion process
by F. Auzel[77-78], ET between lanthanide ions has be‐
come an important issue regarding luminescent mate‐
rials based on Ln（Ⅲ） ions[79-84]. Thus, we will also
show how to calculate two energy transfer steps that
are in good energy resonance conditions: Yb（Ⅲ）

[ 2F5 2 → 2F7 2] → Er（Ⅲ）[ 4I15 2 →4I11 2]（E3）and Yb
（Ⅲ）[ 2F5 2 → 2F7 2] → Er（Ⅲ） [ 4I11 2 →4I7 2]（E4）
pathways[16,35]. Fig. 6 illustrates these pathways in E3
and E4.

⋅ E1
Tab. 1 contains the input data considering Tb

（Ⅲ）[5D4 → 7F5] and Eu（Ⅲ）[7F1 → 5D1] transitions
as donor and acceptor, respectively.

Thus, when the data in Tab. 1 is applied to the
indicated equations with the sets of ΩK (FED), men‐
tioned previously for the case of Sr3Tb0. 90Eu0. 10（PO4）3[36],
we obtain the following rates for each mechanism:

W d‐d = 6.6 × 10-2 s−1，
W dq‐qd = 4.2 × 101 s−1，
W q‐q = 5.1 × 104 s−1，
Wmd‐md = 6.8 × 10-1 s−1，
W ex = 1.6 × 105 s−1.

The total energy transfer rate is given by the
sum of all these contributions and multiplied, in this
case, by the 7F1 population fraction（ca. 0. 33 at
room temperature）:
WTOTAL = 0. 33 × (Wd‐d + Wdq‐qd + Wq‐q + Wmd‐md + W ex)

= 7.0 × 104 s−1.
These rates are in agreement with those present‐

ed in reference[36] for the same pathway at the same
RDA distance. A slight deviation in the quadrupole-
quadrupole mechanism from reference[36] （W q‐q =
5. 67 × 104 s−1）was observed. This is due to the use
of r2 = 2. 57 × 10-17 for the Tb（Ⅲ）.

⋅ E2
To estimate each contribution to the rate of the

Tb（Ⅲ）[ 5D4 → 7F5] → Eu（Ⅲ）[ 7F0→ 5D1] pathway,
some values in Tab. 1 need to be updated to match
the 7F0→ 5D1 transition（Tab. 2）.

It can be noticed that for this pathway, accord‐
ing to the selection rules, the 7F0 → 5D1 transition
has all  U ( )K 2 = 0. Therefore, W d‐d = W dq‐qd =
W q‐q = 0 and this pathway has only the contributions
of the W ex = 3. 3 × 103 s-1 and Wmd‐md = 1. 3 × 101 s-1,
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Tab. 1 Input data used to calculate the Tb（Ⅲ）［5D4→ 7F5］

Eu（Ⅲ）［7F1→5D1］ in E1. The number of the
equation where the input data enters is also indi⁃
cated

J

ρ

 U ( )2 2

 U ( )4 2

 U ( )6 2

r2 （10−17 cm2）
 L + 2S 2

γ（cm−1）

RDA /cm
Δ/ cm−1
ρ ff

Eq.
18‐20
21
18‐19
18
18
19
20
23‐24
Eq.
22

23，25
17

Donor
4

0. 057
0. 014 2
0. 001 3
0. 002 2
2. 30
0. 696
350
Donor‐Acceptor
3. 97×10−8
259

6. 70×10−4 at 3. 97 Å

Acceptor
1

0. 057
0. 002 5
0
0

2. 57
0. 000 9
350
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in accordance with those in reference[36]. Adding
these rates, considering the 7F0 population fraction
（ca. 0. 64 at room temperature）, and the energy bar‐
rier factor G ( Δ,T ), yields the total rate:

W TOTAL = 0.64 × G ( Δ，T ) × (Wmd‐md + W ex )
= 1.0 × 103 s−1.

It is important to pay attention that, in this case,
G ( Δ, T ) was considered outside of the F-factor just
to match with the data in the literature. But it must
be considered for each case appropriately.

⋅ E3
The first step in the Yb-Er upconversion pro‐

cess is given by the Yb（Ⅲ）[2F5/2→2F7/2]→Er（Ⅲ）

[ 4I15 2 → 4I11 2] pathway. Tab. 3 contains the data for
calculating the pairwise energy transfer for the short‐
er Yb -Er distance（RDA = 3. 5 Å）in NaYF4∶Yb,Er
material.

Applying the data in Tab. 3 leads to:
W d‐d = 5.2 × 102 s−1，
W dq‐qd = 3.1 × 104 s−1，
W q‐q = 3.2 × 106 s−1，

Wmd‐md = 0，
W ex = 3.6 × 106 s−1.

The total pairwise energy transfer Yb（Ⅲ）

[ 2F5 2 → 2F7 2] → Er（Ⅲ） [ 4I15 2 → 4I11 2] pathway is
W TOTAL = 6. 9 × 106 s-1, which also reproduces the
value for the shortest Yb-Er distance for the first up‐
converting step from reference[16].

⋅ E4
Repeating the same procedure as E3 but updat‐

ing the acceptor transition from 4I15 2 →4I11 2 to
4I11 2 → 4I7 2, we obtain the input data in Tab. 4.

In this case, the total pairwise energy transfer of
the Yb（Ⅲ）[ 2F5 2 →2F7 2] → Er（Ⅲ）[ 4I11 2 →4I7 2]
pathway is W TOTAL = 5. 1 × 106 s-1, in agreement with
the value for the shortest Yb -Er distance for the sec‐
ond upconverting step from reference[16].

All these examples are worked out as separated
Mathcad® script files available in the Supporting
Information（Examples_Mathcad. zip）.

Tab. 4 Input data used to calculate the Yb（Ⅲ）［2F5/2→
2F7/2］→Er（Ⅲ）［4I11/2→4I7/2］in EE44. The number of
the equation where the input data enters is also
indicated

J

 U ( )2 2

 U ( )4 2

 U ( )6 2

 L + 2S 2

Δ/cm−1

Eq.
18‐20
18‐19
18
18
20
Eq.
23，25

Donor
5/2

0. 122 5
0. 409 6
0. 857 5
30. 86
Donor‐Acceptor

−111

Acceptor
11/2

0. 032 0
0. 265 3
0. 154 5
0

Tab. 3 Input data used to calculate Yb（Ⅲ）［2F5/2→2F7/2］→
Er（Ⅲ）［4I15/2→4I11/2］ in E3. The number of the
equation where the input data enters is also indi⁃
cated. The values of ΩK represent those ob⁃
tained only with the FED contribution

J

ρ

 U ( )2 2

 U ( )4 2

 U ( )6 2

Ω 2（10−20 cm2）
Ω 4（10−20 cm2）
Ω 6（10−20 cm2）
r2 （10−17 cm2）
 L + 2S 2

γ（cm−1）

RDA /cm
Δ /cm−1
ρ ff

Eq.
18‐20
21
18‐19
18
18
18
18
18
19
20
23‐24
Eq.
22

23，25
17

Donor
5/2
0. 065
0. 122 5
0. 409 6
0. 857 5
0. 067
0. 229
0. 551
1. 82
30. 86
400
Donor‐Acceptor
3. 50×10−8
129

1. 38×10−3 at 3. 50 Å

Acceptor
15/2
0. 065
0. 027 6
0. 000 2
0. 394 2
0. 065
0. 259
0. 637
1. 99
0
450

Tab. 2 Input data used to calculate the Tb（Ⅲ）［5D4→
7F5］→Eu（Ⅲ）［7F0→5D1］ in E2. The number
of the equation where the input data enters is also
indicated. The other quantities that are not dis⁃
played are still the same as presented in Tab. 1

J

 U ( )2 2

 U ( )4 2

 U ( )6 2

 L + 2S 2

γ（cm−1）

Δ /cm−1

Eq.
18‐20
18‐19
18
18
20
23‐24
Eq.
23，25

Donor
4

0. 014 2
0. 001 3
0. 002 2
0. 696
350
Donor‐Acceptor

−631

Acceptor
0
0
0
0

0. 027 3
106
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9 Conclusions
In this tutorial review, we presented the equa‐

tions for the energy transfer rates between lanthanide
ions in an alternative form, which aimed at an easier
interpretation and a simpler step-by-step calcula‐
tion. Four examples were provided to illustrate this
procedure for relevant lanthanide pairs. We expect
that the present work will guide students and stimu‐
late the research fn the field of energy transfer be‐
tween lanthanide ions.
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